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Abstract 

In this note, we compute the second variational formula for the functional f M v^(g)dv g , 
which was introduced by Graham- Juhl [GJ] and the first variational formula was obtained 
by Chang- Fang ( [CFj ) . We also prove that Einstein manifolds (with dimension > 7) with 
positive scalar curvature is a strict local maximum within its conformal class, unless the 
manifold is isometric to round sphere with the standard metric up to a multiple of constant. 
Note that when (M, g) is locally conformally flat, this functional reduces to the well-studied 
f M <Jz{g)dv g . Hence, our result generalize a previous result of Jeff Viaclovsky ([V]) without 
the locally conformally flat restraint. 

Key words and phrases: second variation, renormalized volume coefficients, Bach tensor, 
Einstein metric. 

1 Introduction 

In the following, we let (M n ,g) denote a compact, connected, smooth Riemannian man- 
ifold without boundary. We denote the Ricci curvature and scalar curvature by Ric and R, 
respectively. Recall that the Schouten tensor Py is defined by 

3 n-2\ 3 2(n-l) yj /' 
and the Riemann curvature tensor can be written by 

Riem = W + PQg, 

where W is the Weyl curvature and is the Kulkarni-Nomizu product, which is defined by 

(a P) ijk i = otikPji + a-jiPik - otufijk ~ atjkPu, V symmetric 2-tensors a, (5. 

The (7k(g) curvature is defined to be the fe-th elementary symmetric polynomial of the eigenvalue 
of the Schouten tensor P. In [V], Viaclovsky started study of the variational problems of the 
functional J M ak(g)dv g , he proved that the first variation of the functional J M ak(g)dv g (k = 1, 2) 
within a conformal class subject to the constraint Vol(M,g) = 1 is a metric satisfying (Tk(g) 
const . and if k > 3 and the Riemannian manifold is locally conformally flat, the same result 
follows. However, for k > 3 and the manifold is not locally conformally flat, cr&(<7) = const is 
not Euler-Lagrange equation of the functional J M a^dv within a conformal class subject to the 
constraint Vol(M,g) = 1. 

The renormalized volume coefficients of g, denoted here by v^ 2k \g), arose in the late 90s in 
the physics literature. They are defined in terms of the expansion of the ambient or Poincare 
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metric associated to g. If the Riemannian manifold is locally conformally flat, these quantities 
coincide with the <Jk{d) up to a constant. More precisely, it is known that (see [GJ], [CF], or 
[GHL]) 

v^{g) = -\a l {g), v^{g) = \a 2 (g), 

where 

( B g)ij ■= ^^^Wiikj + ^2 Rklw ^i (LI) 

is the Bach tensor of the metric. Just as j^o~k{g l A g )dv g is conformally invariant when 
2k = n and (M,g) is locally conformally flat, Graham showed in [G] that J M v^ 2k \g) dv g is 
also conformally invariant on a general manifold when 2k = n. Chang and Fang showed in 
|CF] that, for n ^ 2k, the Euler-Lagrange equations for the functional j M v^ 2k \g) dv g under 
conformal variations subject to the constraint Vol g (M) = 1 satisfies v^ 2k \g) = const., which is 
a generalized characterization for the curvatures o~k{g~ l oA g ) when (M,g) is locally conformally 
flat, as given by Viaclovsky [Vj. 

We note that Graham [G] also gives an explicit expression of v^ 8 \g), but the explicit ex- 
pression of v^ 2k \g) for general k is not known because they are algebraically complicated (see 
page 1958 of [G]). Thus the study of the v^ 2k \g) curvatures involves significant challenges not 
shared by that of o~k(g): firstly, for k > 3, v^ 2k \g) depends on derivatives of curvature of g — 
in fact, for k > 3, v^ 2k \g) depends on derivatives of curvatures of order up to 2k — 4; secondly, 
the v^ 2k \g) are defined via an indirect highly nonlinear inductive algorithm (see [G]). We aim 
to study the stability of the critical metric of the functional 



f M v®(g)dv g 



within a conformal class. First we recall the theorem of Chang- Fang [CF] (also see Graham [G]). 

Theorem 1.1. ([CF]) Let (M n ,g) be an n- dimensional (n > 7) compact Riemannian manifold, 
then the functional J~z(g) is variational within the conformal class, i.e. the critical metric in [g] 
satisfies the equation 

u (6) = const. (1.2) 
If n = 6, J~s\g\ is a constant in the conformal class [g\. 

In this note, we compute the second variational formula of J-z\g\ within its conformal class 
[g]. Our results are 

Theorem 1.2. Let (M n ,g) be an n-dimensional (n > 7) compact Riemannian manifold with 
v ^'{9) =const, then the second variational formula of the functional J-$\g\ within its conformal 
class at g is 



dt 2 



2 

t=0 



dv 



where g t = e 2ut g, -§i\ t=0 Ut = 4>> an & 4> = 4> ~ "j J ^ 9 , Tnj and Cijk are defined in section 2. 
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Theorem 1.3. Let (M n ,g) be an n- dimensional (n > 7) compact Einstein manifold with positive 
scalar curvature. Then it is a strict local maximum within its conformal class [g], unless (M n ,g) 
is isometric to S n with the standard metric up to a multiple of constant. 

Remark 1.1. When (M n ,g) is a locally conformally flat, v^\g) = — ^os(g), for the functional 
J M a^{g)dv g , J. Viaclovsky (jVj) proved that a positive constant sectional curvature metric is 
a strict local minimum, unless the manifold is isometric to S n with the standard metric. Our 
result coincides with his at the locally conformally flat Einstein metrics, however, ours does not 
need the locally conformally flat assumption. 



2 Preliminaries 

Let (M n ,g) be an n-dimensional compact Riemannian manifold. Throughout this note, we 
make the convention that repeated index means summation over 1 to n. First we recall the 
transformation law of various curvatures under conformal change of metrics. Let g = e 2u g, 
u £ C°°(M), then the Riemannian curvature tensors satisfy 

Riem(g) = e 2u (Riem(g) — a g), 

where onj = Uij — UiUj + ^^-gij (note that mj means the covariant derivative with respect to 
the fixed metric g). By contracting, we see that the Ricci curvature and scalar curvature satisfy 

RiM = Rij - {n - 2)a i3 - (J2 a kk)9i 3 , R(g) = e' 2u R - 2(n - l)e~ 2u a kk . (2.1) 

k k 

From (|2.ip and the definition of Schouten tensor, we see that 

Pij — Pij QJy'j (2-2) 

where we denote P(g) by P for notations convenience. 

Lemma 2.1. We have the following formulae (see e.g. [GHL]) 

(1) V l Wijki = — (n — 3)Cjki, Cijk is the Cotton tensor defined by Pij,k — PikJJ 

(2) WB l3 = (n - 4) J2 k l P kl C kli ; 

(3) E>ij = Bji, where Bij is defined by (jl.ip . 

The proof of Lemma 12.11 is a direct calculation and one can find it in [GHLj . 
Let V be a vector space, A : V — > V a linear map. Define the Newton transformation T k (A) 
: V -»• V by: 

k 

T k {A) := a k (A)I - a k ^(A)A + ■■■ + (-l) k A k = £ a k ^(A)(-iy A { , 

i=0 

where I is the identity map and o~ k (A) is the fc-th elementary symmetric polynomial of the 
eigenvalues of A. Under an orthnormal basis of V, T k can be written as follows: 

Ti ■ — —M 1 -^ A. . A. . 

where / is the generalized Kronecker notation. We recall some well-known results in this 

l\...l k l o 

respect, which we will need in our later arguments. 
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Lemma 2.2. The Newton transformations T k satisfy ([R], [GHLJ) 

(1) Newton's formula: (k + l)o"jfc+i(.A) = tr(T k A); 

(2) ^a k (A t ) = ti(Tk-i-^A t ), for any family of transformations A t : V — > V . 

(3) tr(r fc ) = (n-k)a k (A). 

In the following we denote T k {g _1 o P) simply by T k . We have the following formula, which 
is a direct calculation (see [GHL]) 

yi T 2i j ti — - PkiCkij. (2.3) 



3 The first variational formula and proof of Theorem 1.1 

In this section, we will compute the Euler-Lagrange equation for the functional J- 3 (g) within 
the conformal class. For convenience we denote the numerator of J- 3 (g) by 



F(g) 



M 



v (6) (g)dv g . 



Under the conformal change of metrics gt = e 2u ^g, by use of (|2,2p . we see that in local coordi- 
nates (see [CF]) 



pi =e -2u(t) (p j _ is 



gj = e -Mt) ( B J + {n _ 4)u k yi Cak + g il Cuk) +{n _ A)u k u l g P3 Wi 



kpl I ; 



where we write = U{j(t) — Ui(t)uj(t) + ^|V g u(t)\ 2 gtj and we make the convention that 
Pij = Pij(gt), By = Bij(g t ), etc, for notations convenience. 



d 2 



t=o 



For notions convenience we denote ^ by 5. Denote Jr u = 4>, and 
the above preparations, we have 

SPj = -2(5-u)P. J ' - e~ 2u bai 

SB* = -A{8u)Bi + (n - A)e~ Au ({5u) k {g^C ilk + tf l C lik ) 

+ (5u) k u l gPiW ikpl + u k (6u) l g™W ikpl 
5{dv gt ) = n(5u)dv gt . 
Now we derive the first variation formula for JF 3 . First we have 



u = if). With 



-85F = 

By use of Lemma 12.21 we have 



8(o- 3 (gt)dv gt ) + 



1 



3(n - 4) 



SiP/BjdVg,] 



(3.1) 



S(a 3 (g t )) = fiSPi = f 2 )(-2{5u)P t i - e~ 2u 8a/) 
= -Q{5u)o z {g t ) - e~ 2u f 2 )5ai . 



Hence 



8{o 3 {gt)dv 



gt, 



6(Su)a 3 (g t ) - e- 2u f 2 \5a' + n{5u)a 3 (g t ) 



2i WUL j 

2urfi j 



dv, 



gt 



(n - 6)(6u)a 3 (g t ) - e- 2u Ti5aj 



(3.2) 



dVg,. 
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On the other hand, the second term of ()3.ip is 
-8{P^B;dv gt ) 



SP/P/ + P/<5P/ + n{5u)P i j Bf 



1 


3(n- 


4) 


1 




3(n- 


4) 


1 




3(n- 


4) 



(3.3) 



dv. 



P/((-2^)P/ - e- 2 "(<fo/)) + P/ ( - 4(<^)P/ + (n - 4)e~ 4u {(5u) k (g a C ljk + C jlk ) 



+ 2(5u) k u l g l PW pkjl ) ) + niSu^B 



dv 



Hi 



(n-6)(6u)PjBj-e- 2u Bf(6ai) 



3(n - 4) 

+ 2(n - A)e- iu pM(5u) k g u C ljk + {5u) k u l g ip W pkjl 



dv. 



at 



From calculations in (|3.2p and (|3.3p . we have the following formula, which will be used in 
section 4 



5{v^{g t )dv gt ) 



(3.4) 



1 



(n-6)(5u)a 3 (g t )-e- 2u f£(5a)j 



dv„ 



1 



{n-6)(5u)P i 3 B J l 



dv gt . 



9t 24(n - 4) 

- e-^B/iSa)* + 2(n - 4) e - 4w P/ (((fajVCyk + {5u) k u l g^W pkjl 
Thus we have 

5F= [ 5(v^(g t )dv 9t ) (3.5) 



1 



(n - 6)(<5«)a 3 (fl t ) - e~ 2u TM + 



1 



(n-6)(fo/)P/P/ 



J 3(n-4) 

e- 2u Bi(Sa)i + 2(n - 4) e - 4 "P/' {(Su) k g u C ljk + (5u) k u l g ip W pkjl ) 



>dv, 



91 



(n-6)(5u)v^(g t ) 



e J * da J 3(n _ 4) 



(T 2u Bi8(x? 



+ ^ Au Pi j ((Su) k 9 il C ljk + {5u) k u l g^W pk]l 



>dv gt . 



Proof of Theorem 1.1 Noting that u(0) = 0, we conclude the first variational formula of 
J-~3[gt] within the conformal class [g] is (see [CF] or [G]) 



d_ 

~dl. 



d 

Fsigt) = -t. 
t=o dt 



--V 



n-6 Tl — 6 n-6 

f • v — ~ 

t=o n 

1 



(n-6) J ct>v^(g) + - j T 2i ^ tJ + 
-(n-e)^ 1 ^ y f (6) (5)) j 4>dv 
(n-6)y-^{ / </>(>) -F- 1 f v^)dv\. 



v {6) dv) / 
1 /" P 



(3.6) 



1 



3(n - 4) 12 



Pij'PkCijk 



where we have used (|2.3[) and (2) of Lemma 12. II and the integration by parts. Here V = J dv g . 
Hence, we see that the Euler-Langrange equation of the functional J- 3(g) within the conformal 
class [g] is 

v^( g ) = V- 1 j v {6) (g)dv g = const, 

□ 



and we get Theorem 11.1 



4 The Second Variational Formula and proofs of Theorem 1.2- 
1.3 

In this section, we will calculate the second variational formula for the functional T% within 
the conformal class [g]. The computation is direct and routine. For convenience, we separate 
each term in the first variational equation (|3.5p and compute them respectively. 

For derivative of the first term in (|3.5p . by use of (|3.4p . we have 



(4.1) 



=(n - 6) 

{Su 



yt 



- -(Su) \(n - 6)(5u)a 3 (g t ) - e- 2u f£daj 



dv 



111 



t=0 



21( ,_ 1)L (n-6)(^^/-e- 2 ^a/ 

+ 2(n - 4)e- 4M P/' ((5u) k g il C ljk + (6u) k u l g*W pkjl 

1 



dv. 



t=0 



(n-6) / <W 6) ( 5 ) + (n-6)0V 6) ( 5 ) 



+ 



3(n - 4) 3 



dv. 



For derivative of the second term in (|3.5p , we need the following formula of the variation of the 
Newton transformation: 



d 
~dt 



~ dt 



rfU2j 6 h p «2 
t=0 \2\ I *1*2* Jl J2 



hi 2 i h dt 



t=0 



31 



~ ^hi 2 i ^hjli 2^i^ a j a ^1232)— 4$>T2jj fiij 2 i Piiji ( fii2j2 ■ 

Therefore, the variation of the second term of (|3.5p is given by 



ld_ 

8di 



t=o 



e- 2u fi8a)dv gt 



t=o 



T J 



2^ 



(4.2) 



(4.3) 



t=o 



a.ij + n<j)T 2 ij(j)ij >dv 



d 



- I (n - 2)^T 2lJ & 3 + T 2ij — ^ + ^ ^ - 40T 2ij - S^P nn cp t2]2 ) Uv 



(n-6) 



oi: 2:,Oij + g T 2ij^ 



t=0 
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The variation of the third term of (13.51) is 



1 


d 


24(n- 


4) dt 


1 




24(n- 


!>/ 


1 


f 



t=0 



e-^B/dajjdvg, 



(4.4) 



+ — 



t=0 



5aij + 



■-^-^J^n-^B^ + B 



13 d& 



t=o 



OLij + 4>ij 



( - 40By + 2(n - i)hC ijk ) ^jdv 



n — 6 



By d 2 



1 



24(n-4)" 24(n-4)dt 2 
The variation of the fourth term of (13.51) is 



an + —<t>k4>nCuk fdv. 



1 d 
12 eft 

1 

~12 



t=o 



A^PijCpkCijk + — ^_P{<\> k g d Cij k + PijtpkCijk + Pij4>k<PiW ikj i + nfiPjtpkdjk jdv 



(4.5) 



--^ / j( n ~ 4)(t>Pij<PkCijk + Pij4>k4>iW ikj i + 4>kCi jk (- 24>Pij - (pi^j + PyVfcCijfc j<fo 
- ^ n 4>Pij4>kCijk - Y^Pij(f>k4>iWikji + Y^4> k 4>ijCijk - -^PijipkCijk 



Combining ([43]) . (g3D and (|4"3]) . we have 



d 2 



dt 2 



t=o 



(4.6) 



| |(n- 6)^ (6) (g) + (n - 6) 2 </>V 6) (s) + IL-Va^ - i 



2(n - 6)0J3. 



+ 



4(n - 6) 



^kPijCijk T2ij 2 



S« d 2 



<=0 aij 3(n - 4) dt 2 

2 
3 



• • ■ 4 2 2 

+ Sftlli Phh^iih&j ~ ^fikfiijCijk + ^Pijfik&Wikji + -/'j '•/■(" 



a 



t=0 



3(n - 4) 



Since 



d 2 
<//- 



t=o 



«ij = V'jj ~~ 20i0j + |V0| 2 <7jj, by use of divergence theorem we obtain 



r d 2 




/■ Bjj d 2 


/ 


«ij - 

t=0 


/ 3(n-4)di 2 



i=0 



(4.7) 



T 2 ij(i/Jij - 24>i(f)j + \V4>\ 2 gij) 



■^PkiCm^i + 2T 2 y^^ + 3 ^ 2 _ 4 D 12 



3(n - 4) 
Bij(fii4>j - \V(f>\ 2 T 2 kk 



/2 4 
--^PkiCku^i - \V(t>\ 2 T 2 kk + -^(t>(t>iPkiCkii - 2T 2ij (f>. 



3(n - 4) 



where we have used the following identity in the second equality 

J T 2ij ^i j dv + ^ J Bijipijdv = J ^PkiCknifji, 

which can be checked by use of (2.3), (2) of Lemma 2.1 and integration by parts. 
Substituting (|4,7p into ([4.6p and making some cancelations, we conclude that 



dt 2 



2 

t=0 



F{9t) = f |(n - 6)^ {6) + (n - 6) 2 </>V%) - \ [ ~ 2(n - 5)0T 2ij <^ (4. 
2(n-5), E> 4(n-5) 



3(n - 4) 



'u'^ij "I g 4>Pij4>kCijk 

4-2 

-o/,o,,C + P km 4>in(t>ij + -Pij^k&Wikji - (n - 2) | V0| 2 cr 2 (5f) 



where we have used the identity that T 2 kk = (n — 2)02(5) (see Lemma 2.2). It remains to study 
the last four terms on the right hand side of ()4.8p . By definition, 

("km $kn &kj 

— ^km^ln^ij ^km^lj^in ^Im^kn^in ~i~ ^Im^in^kj ~i~ ^im^kn^lj ^im^ln^kj ■ 

We compute by use of divergence theorem 

nl),ij ) 

J J (4.9) 

= / 4>$kii j [Pkm,ij4>nl + 2Pkm,i<t>nl,j + Pkm4>nl,ijj ■ 

Now we compute integrands of the right hand side of fj4.9|) respectively. The first term is 

WTu j Pkm,i3<t>nl (4-10) 

— 4 > Pkm,ij4 > nl{Skm^lnSij ^km^lj^in ^Im^kn^in ~i~ Slm^in^kj ^im^kn^lj $im$ln$kj) 
=<f>Pkk,ii<t>nn ~ <t>Pkk,ij<t>ij ~ <f>Pkl,ii<Pkl + <t>Pkl,ik<t>il + 4>Pki,il<t>kl ~ <f>Pki,ik<t>ll 
=<§>§nnCiik,k + 4>4>klClik,i + <f>4>klCiki,l = 4>4>klClik,i- 

The second one is 

2<j>8™i P km>i <j> nlj (4.11) 

=24>Pkk,i4*nni — 2(f)Pkk,i<t>ijj - 2(j)Pkm,i4>kmi + 2<f>Pkm,i4>im,k + 2<t > Pkm,m,(t > kU ~ 2(f)Pkm,,m<l>ttk 
— 2(j)P] irri i{^(j) rri i} : (ftmki) — 2(j)P] tm i(f)jRj rn ii t . 

The third one is 

§Ku P km4>nl,ij (4.12) 
=4 > 4 > kk,iiPnn ~ 4>4>iiklPkl ~ ^kliiPkl + <j><j>UkiPkl + <t>4>kiilPkl ~ <j><j>kiikPll 
=<t>Pnn(<j>kkii — 4>kiik) + <t>Pkl{(t>ilki ~ <t>klii) + 4>Pkl{4>kiil ~ 4>iikl) 

=<t>Pnn{—<t>mkRmk ~ 4>mRmk,k) + §Pkl($miPmlik + 4>mRikml,i) + ^Pkli^mlRmk + <j>mRmk,l) 
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where we have used the Ricci identity in the last equality. 
Substituting the following identities into (|4,lip and (|4,12D . 



R 



R 



Rij-(n 2)P ij + 2(n _ 1) 5ij, Rij,i- 2 , Pkk 2 (n-l) 
Rijkl = Wijkl + PikQjl + PjWik — PilQjk — Pjk9ik, Pkk,i = Pik,k'i 



R 



ikmLi 



Rkl,m — Rkm,l = ( n — tyCklm + 



V m Rgkl ~ ^iRg, 



km 



2(n - 1) 

after making some cancelations we see that the left hand side of (|4.9|) becomes 



^PkmKl^ 



(4.13) 



4 — n 

hlClki,i + — —4>R4>mkPmk 



R 2 



n-2 



(j)R(j) m R,rr 



2(n - 1) 4(n - l) 2 r r 4(n - l) 2 

+ (t>Pkl<f>miW m i ik + </>|P fei | 2 A0 + (n - 4:)(j)P kl (j) m iP mk + n(f>P k i(/) m P k i >m 

+ I^Pkm^jWjmik - 2(t>Pkm,i<t>kP-n 



On the other hand, by divergence theorem, we see that the other three terms on the last of 
are 



--^<pPij,k<PiW ikj i - -<j)Pij<j)kiWi kj i 



2(n - 3) 



4>Pij4>iCiju 



(4.14) 



ijCij k 



4 4 

-cpcpijkCijk + -(p4>ijCij k:k , 



(4.15) 



(n-2)|V</>| 2 a 2 ( 5 ) 



(n - 2)0AM(s) + (n - 2)# i ( f j 2 (g)),i 

PmI 2 ) +(n-2 



2 r "V4(n-1) 2 
(n - 2)(pA(j)R 2 n-2 



RR < 



8(n - l) 2 



4(n - l) 2 
2 (n - 2)<j)R(t) i R ) 



PklPkL 



4(n - 1) 



(n - 2)^P kl P } 



(4.16) 



klA- 



By combining equations (|4.13j) . (|4.14p . (|4.15p and (|4.16p and doing some cancelations, we con- 
clude that the last four terms on the right hand side of (|4.8p are equal to 



1 2(n — 6) 

-4xf>kiB k i + (n - 4)(j)T 2 ij(j)ij (f)Pij(j) k Cij k 



(4.17) 



4 4 

+ -^4>Ckmi4>jWj m i k + -4><j)ij k Cij k 
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where we have used T 2ij = a 2 {g)6ij - ai(g)Pij + PikPkj and Bij = C ijk ,k + PkiW ik ji- Moreover, 
4 

^Cijk4>jik 
4 

= ~^4 > Cijk(4'jki + (frmPmjik) 
4 

= ~^4 > C'ijk4'm{Wmjik ~\~ PmiQjk ~\~ Pjk9mi Pmkdij ~ PijQmk) 

4 4 4 4 4 

=-^4>Cijk ( t ) 'mW m jik + -4>Cijj4> m p m i + -4>Cijk4>iPjk — -^<PCnk(j) m P m k - -^Ci^Pij^k 

4 4 

= — -^4 >< Pm,CijkW m jki — -4>CijkPij<ftk, 

where we used ^ i Cm. = and C^ = —C^y 
Thus it follows that (|4.17p is equal to 



1 f rl 

8 / [s^ klBkl + ( U 



'ijT 2 ij — ^ ~4>4>kPijCijk — i;4' ( l ) kCijkPij 



dv. 



Substituting (|4.18p into (|4.8p . we conclude that 

d 2 



dt 2 



t=0 



F{9t) 



(4.18) 



(4.19) 



+ 



On- 6)4>v (6) + (n - 6) 2 0V 6) ( 5 ) - i 
4(n - 5) 



2(n 



3(n - 4) 



1 2(n — 6) 4 

4>4>kPijCijk + -4>(/)kiBki + {n- 4)<jxfiijT 2 ij (jxfrkPijCijk - -4>4>kCijkPij 



(n - 6)Vw (6) + (n - 6) 2 </>V 6) + ^ 
2 («-6)^ D .. c t ' 



(n - &)4>4>ijT 2 ij + 



3 Y 
n — 6 



3(^4)^^ 



Proof of Theorem 1.2 By Theorem 11.11 at the critical metric of the functional J-s(g), it 
holds that v^(g) should be constant, and it follows that F(g) = Vv^\g). By our notations 



F 3 [g t ] 



dt 2 
f_ 

''dt 2 
£_ 

~~dt 2 



F(gt) 
(J^ 9t ) (n - 6)/r 



By use of (|4.19p and ()3.6p . at the critical metric g, we have 



t=o 

, , n-6 d 

F{g t )-V-— +2- 
t=o dt 



(4.20) 



. . d 

t=o dt 



V( gt) -^ + F( 9) - 2 



t=0 



V{g t )- — 



t=o n \dt t=0 / J 



=V 



+ F|(n-6)(2n-6)V 

n-6 I (f 2 



n 

(3n-6) 



Cgn-6] 



2 - (n - 6)V 



(2n-6) 



dt 2 



n n 



— n(n — 6)V 

4 _ Q F( 5i ) - 2(n - ejV^V - ^ /" + (n - 6)(2n - 6)^ (s)V^ 1 ( 
-6)w (6) ( 5 ) J cj) 2 - (n - 6)v {6 \g) j A 
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--v- 



^ d 2 

71 < 

1 dt 2 



o F( 5i ) + 6(n-6)?; {6) ( 5 )y- 1 (y ^ - n(n - 6)v {6) (g) J 4> 2 - (n - 6)v {6) (g) J ij> 



1 

12 



&o®(jg)U-V 



dv 



+ 



24(ra - 4) 



Bkl + a^mkTimk 



4>CijkPij<t>k 



If we define an operator C by 



Bijfij , \rp f |_ p r, r 



24(n - 4) 



for / G C°°(M). It is easy to see that C is self-adjoint with respect to the L 2 inner product of 
the Riemannian manifold. Indeed, for any two smooth functions / and h, we have 



(C(f),h)= / C{f)hdv 

*M 



M 



M 



M 



1 



24(^-4) + \ T ^ h ^ ~ TI 1 '^' '" 11 '' 



dv 



B%j fi hj 1 



Bijjfih 1, 



24(n - 4) 



24(n-4) 8~ 



Z^ijfihj — — j^- — — —T2ijjfih — —BijCijkfkh 



dv 



Bij fi hj ^2ij fi hj 



24(n - 4) 8 



dv 



(Mh)), 



where we have used (2)and (3) in Lemma |2~TTI (|2.3p and integration by parts. Denote 4> — V 1 J t 
by <f>. From ()4.20p . we see that 



dt 2 



t=0 

(n-6)V _ 



(4.21) 



(n-6)V~— 



6u (6) (g)(f) 2 + C{4>)(j> 



6v i6) (g)<p 2 + C((p)cp 



dv 



dv 



Thus we complete the proof of Theorem 11.21 

To prove Theorem 11.31 we need the following famous theorem. 



□ 



Theorem 4.1 (Lichnerowicz and Obata, see e.g. [L]). Let M be an n- dimensional compact 
manifold. Suppose the Ricci curvature of M is bounded from below by 

Ric > (n - l)K 

for some positive constant K , then the first nonzero eigenvalue of the Laplacian on M must 
satisfy 

Ai > nK. 

Moreover, equality holds if and only if M is isometric to a standard sphere of radius — 7=. 
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By the min-max principle, for the first nonzero eigenvalue Ai of Laplacian, it holds that 



/ fdv< [ \Vf\ 2 dv, 
Jm Jm 



(4.22) 



for any / € C°°(M) satisfying J M fdv = 0. 

Proof of Theorem 1.3. Note that an Einstein manifold (M n ,g) is a critical metric in [g], i.e. 

it satifies (1.2). Now let (M n ,g) be an Einstein manifold with positive scalar curvature, then it 
follows from Theorem 14.11 and (|4.22p that 



R 



n — 1 



M 



<p 2 dv < / \V(f>\ 2 dv. 



Note that for an Einstein manifold, v^\g) 
that 

£_ 

dt 2 



>M 

(n-2)R 3 
"386n 2 (n-l) 2 



c(<f>) 



(4.23) 

64n 2 (n-l) Hence > we see 



n 



t FM = {n-S)V-- 

*=° JM 

(n - 2)(n - 6)# 2 T 



2)i? 3 



- 2+ (n-2)i? 2 



64n 2 (n-l) 2 ^ 64n 2 (n-l) 



< 



64n 2 (n - 1) 
(n-2)(re-6)i? 2 ^_n^6 
64n 2 (n - 1) 



n — 1 



R 



n — 1 



2 df 



(4.24) 



<0, 



with equality holds if and only if Ai = z^K- Hence, by Theorem 14. 1[ in this case (M,g) is 
isometric to the standard sphere S n . 

Therefore, we prove that an Einstein manifold with positive scalar curvature must be a strict 
local maximum "point" within its conformal class [g] unless (M,g) is isometric to S n with a 
multiple of the standard metric. We complete the proof of theorem 1.3. □ 



Remark 4.1. Let (M n ,g) be an n-dimensional Einstein manifold with nonpositive scalar curva- 
ture, then we have from the proof of Theorem 11.31 (see (|4.24D ) 



dt 2 



t=o 



Mat) < o, 



that is, it is stable. 

Remark 4.2. When M n is an Einstein manifold with positive scalar curvature with dimension 
n = 5, we see from (|4.24p that 

A 2 

?M > 0, (4.25) 



dt 2 



t=o 



with equality if and only if Ai = Theorem 14.11 shows that in this case (M 5 ,g) is isometric 
to the sphere S 5 with the standard metric up to a multiple of constant. And we see that this 
Einstein metric is a strict local minimum of the functional J-3 within its conformal class if the 
equality does not hold in (I4.25p . 

Remark 4.3. Let %j{g) = T 2i j(g) + ^^(Bg)^, we have 



5> J '7y = 0, 



that is, Tij is a divergence-free tensor. We observe that v^ 6 '(g) = —24^.- %j(g)(P t 



9)*3- 
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